We study the instantons describing the production of particles at the ends of codimension-one objects (strings and struts) in (2 + 1)-dimensional Minkowski and de Sitter spaces. A Minkowskian background allows only for systems with vanishing total mass, so that either negative mass particles or negative tension struts are required. On a de Sitter background, on the other hand, we find processes describing the production of string/particle systems with no negative energies involved. We also compute the probabilities of creating and of breaking an infinite cosmic string in de Sitter space. We perform our analysis of the system in de Sitter space employing a generalization of the toroidal coordinate system to the three-sphere. *
I. INTRODUCTION
One of the most striking properties of the relativistic quantum theory of fields is the possibility of matter production on nontrivial stationary classical backgrounds. Such nonperturbative processes have been recognized since the early '30s [1] and have been studied with a number of techniques. Most remarkably, an expanding Universe provides an ideal background for this phenomenon, and the precise measurements of the statistical properties of the Cosmic Microwave Background, along with the predictions from the inflationary scenario, provide good evidence that this kind of process is at the origin of the cosmological structures we inhabit.
Cosmological perturbations are assumed to originate from the amplification of the vacuum fluctuations of light states. Gravitational production of heavy states has received comparatively less attention, but has nevertheless been the subject of a significant amount of work. In particular, nonperturbative production of black holes has been the subject of interest since the mid-80's, after the proposal by Gibbons [2] . Besides the configuration of a pair of black holes at the opposite ends of Euclidean de Sitter space [3, 4] , more complicated constructions involved, for instance, black holes at the end of cosmic strings [5, 6] , charged black holes at the end of a cosmic string in external electromagnetic fields [7, 8] and black holes in the presence of electromagnetic and a dilaton field [9] . An extensive review of the literature can be found in [10] .
In this paper we focus our analysis on (2 + 1)-dimensional systems. There are a few motivations to do so. To start with, the topological nature of (2 + 1)-dimensional gravity leads to simple, closed form calculations of the Euclidean action for our systems. Moreover, when comparing to the (3 + 1)-dimensional case, point particles and strings/struts in (2 + 1) dimensions look less like black holes and strings/struts and more like strings and membranes, which have received comparatively less attention. One additional difference is that, since there is a maximum mass allowed in (2 + 1)-dimensional systems, initial configurations with infinitely long strings (such as those studied in [7, 8] ) are not allowed, which limits the space of possible initial conditions.
In order to set our system up, we start by discussing systems with vanishing cosmological constant. Our starting point is the Wick-rotated three dimensional space in toroidal coordinates [11] , that can be obtained by cutting the (3+1)-dimensional Minkowskian C-metric [12] with a plane through its axis and by setting the mass parameter to zero. Such a metric describes empty (2 + 1)-dimensional Minkowski space with two foci that follow uniformly accelerating worldlines. As shown in [13] , by appropriately cutting and pasting within this geometry one can construct solutions that describe accelerating particles joined by a codimension-1 object (that is a string or strut, depending on the sign of its tension, in our (2 + 1)-dimensional spacetime). If we assume our initial space to be empty Minkowski, then either the particles or the string/strut must have a negative mass -Minkowski space is known to be stable [14] as long as no negative-energy objects exist in the theory.
Our main analysis focuses on de Sitter backgrounds, where matter can be created by the existence of a nontrivial gravitational background, even if it satisfies positive energy conditions. As a consequence, the de Sitter case allows us to consider a wider set of physically interesting conditions. These include in particular "short", negative tension struts -whose length is less than half of the circumference of Euclidean de Sitter -as well as "long", positive tension strings, ending in both cases on positive mass particles. In this study of the de Sitter case we introduce a coordinate system, that one could call "toroidal on the sphere", that to our knowledge has never been used in the study of (2 + 1)-dimensional de Sitter space (see [15] for a collection of coordinate systems in de Sitter). We finally compute the probabilities of creating and of breaking a closed cosmic string that circles the equator of (2 + 1)-dimensional de Sitter space.
We use the "mostly plus" metric signature, and work in units with = c = k B = 1, so that the Einstein equations read
II. DECAY OF MINKOWSKI SPACE
In this Section we describe the decay of Minkowski space into two point particles located at the end of a strut, a negative tension codimension-one object.
A. Geometry of the system Let us start by reviewing the geometry describing a system of a strut ending on two positive mass particles in (2 + 1)-dimensional Minkowski space, that was first discussed in [13] . We introduce a dimensionless coordinate system (t, V, θ), where t ∈ R is timelike, and V ∈ R, θ ∈ (−π, π] are space-like coordinates (with θ playing the role of an angular coordinate). In these coordinates, we write three dimensional flat space as
where A is a constant with dimensions of a mass (we will describe this coordinate system below, see also [13] ). Since three-dimensional gravity is not dynamical, we can introduce singular matter sources by cutting-and-pasting this metric. More specifically, we consider the possibility that our flat space decays into a configuration involving a singular stress-energy tensor of the form T µν = T δ(θ) h µν , where h µν is the induced metric on the surface θ = 0. This describes a strut of tension T < 0 located at θ = 0. Note that we do not include the point particles at the end of the strut explicitly in the stress-energy tensor; we shall see later that the particles are necessarily included in the solution in order to conserve energy. By imposing (dis)continuity of (the derivatives of) the metric at the strut, we re-write the metric (1) as
where the expression for C is obtained by requiring the metric to be continuously differentiable as θ → ±π.
To see the inclusion of the point mass, we note that by taking the asymptotic form of the metric as V → ±∞ and defining r ≡ 2e −C |V | /A, we recover the standard conical deficit metric (up to a scale factor in the timelike coordinate)
This indicates there are two point masses at V = ±∞, each with mass m = 2M 3 Cδ. In terms of m and T only, the solution parameters are
We also define the mass m strut of the strut as follows: first, we integrate over a θ = 0, t = constant hypersurface to find the proper length of the strut. Then, we multiply the result by the strut tension T . Doing so, we find m strut = 2 T Cδ/(A sin(Cδ)). Using our relations among the model parameters, we find m strut = −2m -the total mass of the system is indeed zero.
FIG . 1: The location of the struts and point particles in the locally Minkowski space for t = 0, as given by the map (5) , for varying values of the particle mass m and strut tension T . The particles and strut for each set of parameters are indicated by the colored points and lines (respectively). Note how the mapping gives two different surfaces for each strut (given in this case by a reflection y → −y along the strut) -we identify these two surfaces as the same in our space, and effectively cut out the space between them. The full geometry of the (Euclideanized) space is obtained by rotating the system about the Y axis, with the (Euclidean) timelike coordinate iT orthogonal to the page.
To gain some insight into the geometry of the solution (2), consider the map
By inverting these transformations and substituting into our metric (2), or substituting this change of coordinates directly into the three-dimensional Minkowski metric ds 2 = − dT 2 + dX 2 + dY 2 , we find that this coordinate transformation is an isometry between our metric and the Minkowski metric. With appropriate conventions, one can also recognize this coordinate map as the definition of toroidal coordinates in Lorentzian space [11] . In this case, the X axis is the axis along which the foci (the two point particles) lie. Additionally, the T = t = 0 section describes two dimensional Euclidean space in bipolar coordinates.
Using the map (5), we can determine the location of the particles and struts. We show the results in Fig. 1 for the constant-time slice t = 0 and multiple different particle masses m. As indicated in Fig. 1 , each strut (θ = 0 hypersurface) is mapped to two distinct surfaces -one corresponding to each sign of the parameter δ in eqs. (5) . The surfaces θ → 0 + and θ → 0 − are therefore identified once the space in between is cut away.
With some further manipulations, we find that the (T , X , Y) coordinates satisfy the conditions [13]
Equation (6a) shows that constant-θ surfaces are hyperboloids in the (T , X , Y) coordinates. In particular, if T is fixed as well, such surfaces form circles parallel to the X -Y plane. The struts (at time t = 0) lie on a portion of such a circle, as can be seen in Fig. 1 . Additionally, if we Wick-rotate t → iτ , we see that constant-θ surfaces form spheres in the Euclideanized space. We also see from (6b) that constant-V surfaces form tori in the Euclideanized space. Under the Wick rotation, the map (5) also becomes periodic in Euclidean time τ with period 2π/C. We will leverage these facts later to allow for easy computation of the Euclidean action.
Taking the limit of equation (6c) as V → ±∞ yields the equation of a hyperbola in the (X , T ) plane: X 2 −T 2 = A −2 . Since V → ±∞ corresponds to the positions of the point particles, we conclude the particles are accelerating along the X -axis with proper acceleration A (given in terms of m and T by the last of eqs. (4)). The surface V = 0 corresponds to the Rindler horizon for these particles.
For fixed tension T , we see that the acceleration diverges as m → 0, attains a minimum value at m = πM 3 , and diverges again as m → 2πM 3 (the maximal magnitude of a point mass in 3 dimensions). In particular, for m M 3 , the acceleration goes as A ∼ −T /m.
FIG. 2:
The strut and particles (blue) in a t = 0 slice of our locally Minkowski spacetime, with the boundary surfaces Σ1 through Σ4 (black) overlaid. Σ1 and Σ2 are given by the black dashed lines above and below the X -axis, respectively, and Σ3 and Σ4 are given by the solid black lines above and below the X -axis, respectively. Note that the boundary surfaces for X < 0 and X > 0 are the same, since they differ only by a rotation in (Euclidean) time of π/C. All surfaces are shown with the parameters m = M3 and T = −M3 2 , and the boundary surfaces are shown for = 0.1 and V0 = 4.5.
B. The Euclidean Action
For our locally Minkowski space, the Ricci scalar is zero away from the sources. Hence, the Euclidean action reads
where the Σ i 's are the boundary surfaces of our space [17] (that we place close to our singular distributions of matter), and K Σi and h Σi are respectively the trace of the Euclidean extrinsic curvature and the determinant of the induced metric on Σ i . In order to take care of the singular matter sources in our system, we cut the space along the following surfaces: Σ 1 and Σ 2 are the surfaces defined by θ = ± (respectively), 0 < V < V 0 , and Σ 3 and Σ 4 are the surfaces defined by V = V 0 , θ ∈ [ , π] and θ ∈ (−π, − ] respectively. See Fig. 2 for a visualization of these boundary surfaces in our space. We also have to account for the singular lines at the junction of these surfaces -see Appendix C for a more detailed discussion. The end result for the boundary terms, including the singular lines, and after sending V 0 → ∞, → 0, reads (see Appendices A and C for details)
Likewise, the calculations reported in Appendix B show that the part of action due to the matter yields
Adding together all the contributions, and using the parameter relations in eqs. (4), we finally obtain the action
The tunneling probability is given by the exponential of minus 1 the difference between the action S E computed above and the action for empty space (which we denote by S 0 ). Here, S 0 is given by the limit of (10) as m, T → 0 in such a way that A ≈ −T /m is finite, so that the metric (2) remains regular. We find that S 0 = 2π 2 M 3 /A, so that
For m M 3 , the difference of the action and background reduces to:
This yields, to leading order, a tunneling probability of P ∝ exp(−πm 2 /|T |) (since T < 0). This result is analogous to the one obtained for (1 + 1)-dimensional Schwinger effect, P ∝ exp(−πm 2 /|eE|), if we remind that −eE is, in the regime |E| e, the change in energy density in the electric field induced by the pair nucleation [16] .
III. DE SITTER BACKGROUND
In this Section we generalize the calculation on flat space to the case of de Sitter background. As we will see, in this case the total mass need not be conserved, so that configurations where both the string tension and the particle masses are positive are allowed. Let us start by describing a coordinate system that is more appropriate to study this system.
A. Toroidal coordinates for three dimensional de Sitter space
To facilitate our discussion of the geometry of our configuration in locally de Sitter space, we construct here a generalization of toroidal coordinates to three-dimensional de Sitter space. Cutting a three-dimensional toroidal system with a plane through the foci gives a plane covered by bipolar coordinates. Therefore, we will start with a two-dimensional sphere that can be obtained as a section of three-dimensional de Sitter space, and we will look for a generalization of bipolar coordinates to that two-sphere.
Bipolar coordinates for the plane can be constructed starting from the equipotential surfaces of an electric dipole. We use the same procedure to generate bipolar coordinates on the sphere. Consider a two-sphere of radius , equipped with standard angular coordinates (ϑ, ϕ) and, to start with, uniform electric charge density σ. By symmetry, one can choose the associated electrostatic potential to take the form Φ = Φ(ϑ). Then, a particular solution to the Poisson equation is Φ = −Q log(1−cos ϑ)/4π, with Q = 4π 2 σ the total charge distributed on the sphere. Note that we choose the solution to be singular at ϑ = 0: this way, there is a point charge of charge −Q at the north pole of the sphere, as dictated by the requirement that this compact space be globally neutral. Now we rotate the coordinate system (ϑ, ϕ) by an angle α about the x-axis to a new one (ϑ , ϕ ). Under such a rotation cos ϑ → − sin α sin ϑ sin ϕ + cos α cos ϑ , and the point charge now has (Cartesian) coordinates (0, sin α, cos α). Finally, we add a distribution of charge density −σ with a point charge of opposite charge +Q located at (0, − sin α, cos α). This way we obtain, after dropping the primes from ϑ and ϕ, the potential on the two-sphere generated by a dipole and with vanishing uniform charge density
We will use Φ as one of the coordinates on the two-sphere. To construct the second coordinate, we consider circles on the sphere that cross the foci located at (0, ± sin α, cos α). Such circles are obtained by intersecting the sphere with a plane across the foci, the equation for which is found to be sin ϑ cos ϕ + c(cos ϑ − cos α) = 0. The parameter c that determines the plane (and thereby the circle) and will serve as our second coordinate. It is convenient to choose the parameters θ ≡ arccos{1/ c 2 sin 2 α + 1} and V ≡ −2πΦ/Q to be new coordinates on the sphere. We then have:
that can be inverted to:
Substituting these definitions into the standard metric on S 2 , we find:
where we have defined A ≡ ( tan α) −1 .
We can now readily extend this analysis to the 3-sphere by introducing a third hyperspherical coordinate ψ such that ds 2 = 2 dϑ 2 + sin 2 ϑ dϕ 2 + sin 2 ϑ sin 2 ϕ dψ 2 . Using eq. (15), the 3-sphere metric in terms of V and θ is found right away as
The coordinates (V, θ, ψ) are an extension of the toroidal coordinates to the three-sphere, and form a chart for three-dimensional Euclidean de Sitter space, with metric given by (17) . The cosmological constant Λ > 0 is related to the parameters α and A via
Note that for Λ = 0 (i.e., for α = 0), and after analytically continuing ψ = it, we recover the metric in toroidal coordinates of eq. (1).
B. Adding a string/strut: geometry of the system
We can now add to our de Sitter geometry a string or a strut ending on two particles.
Adding a strut
The metric (17) is very close in form to the Minkowskian coordinate system in eq. (1). Therefore we can introduce a strut ending on two particles by performing the same steps as in Section II. Namely, we replace
in the metric (17), and we cut-and-paste at the location of the singular codimension-one object. Doing so, we find the metric:]
As before, we also have C = π/(π + δ) and sin(Cδ) = −T /2M 3 A. Consequently, we find the same deficit angle at V → ±∞ as in the Minkowski case; relations (4) hold in the de Sitter case as well. While most of the parameters retain their form from the Minkowski case, the mass of the strut (defined as the strut tension times its proper length) does not, and is given by
We see that a non-zero value of the cosmological constant changes the proper length of the strut relative to its Minkowski counterpart. As a result, it is not true in general that the total mass of the system is zero. For the case Λ = 0, the mass above reduces to the Minkowski result m strut = 2T Cδ/A sin(Cδ). In the limit T → 0 with finite Λ, on the other hand, the mass (21) converges to π T M 3 /Λ (since A → 0 as T → 0). In particular, this means the Euclidean length of the strut in this limit is half the circumference of de Sitter space (whose radius is = M 3 /Λ), and that the point particles lie on opposite poles of the Euclideanized space.
Inspection of the isometry between the metric (20) and the standard 3-sphere metric given via the coordinate maps (15) with replacements (19) shows that our configuration is periodic in time with period 2π/C. We also can use this coordinate mapping to determine the location of the struts and particles in the underlying (Euclideanized) spacetime. We do so in Fig. 3 for a t = 0 slice, for varying values of m and T , and fixed Λ. As with the Minkowski case, the strut (θ = 0) is mapped to two distinct hypersurfaces -one for each sign of the shift δ. These surfaces are identified after cutting away the space in between. Consequently, the induced hyperspherical coordinates (ϑ, ϕ, ψ) do not cover the entire 3-sphere in the presence of matter. This can be visualized from Fig. 3 by cutting out the patch of the sphere between two lines of the same color, and identifying these two lines with each other and with the location of the strut. (15), for varying values of the particle mass m and strut tension T , and Λ = M3 3 . Note how the mapping (15) yields a different position for the strut for each sign of δ (corresponding to a shift ϕ → ϕ + π) -we identify these two surfaces as the same in our space, and effectively cut out the space between the solid lines in the figure.
Adding a string
Unlike the locally flat case discussed in the previous Section, a de Sitter background allows for a configuration of a positive tension string ending on positive mass particles. Such a situation can be obtained if the string is longer than half of the circumference of the de Sitter sphere, a configuration that is realized by placing the string along the θ = ±π surface in the coordinate system (17) . The metric takes the form
The latter two relations show that, in this case, T and m have the same sign.
C. The Euclidean action
For locally de Sitter space, there is a non-zero Ricci scalar R = 6Λ/M 3 away from the sources. Hence, in addition to the boundary surface action and matter action, we have a non-zero Einstein-Hilbert contribution to the action, S EH , for our space, that we find to be
Following an analogous procedure as in the Minkowski case, the boundary term action and matter action are (see the Appendices for details)
Using the relations (4) and introducing the dimensionless variables
the total Euclidean action eventually takes the form
where the empty de Sitter result S dS 0 = −4π 2 M 3/2 3 √ Λ is obtained for x, y → 0. Note that eq. (25) implies that 0 ≤ x < π. For negative tension struts, we have also y < 0 so that in the limit x → 0 (that is, for small particle masses and finite strut tension) we obtain S E = S dS 0 + πm 2 /|T | + O(m 4 ). This is in agreement with the Minkowskian result (12) , as expected since in this case the strut is much shorter than the de Sitter radius.
D. The no-strut limit
Unlike the case of a system on a Minkowski background, it is possible to eliminate the strut from the system while keeping finite mass pointlike particles if the cosmological constant does not vanish. To do so we note that eqs. (4) allows for a vanishing tension strut if A → 0. While the Minkowskian metric (2) is singular in this limit, the de Sitter metric (20) is not, and goes to
which can be brought to a standard de Sitter form with the definitions
(28)
This equation shows that the system now contains just two particles of mass m = 2πM 3 (1 − C). One is located at r = 0, and the other at the opposite pole of de Sitter space (which is not covered by this coordinate system).
The action is obtained readily by sending y ∝ T → 0 in eq. (26) and gives:
This result is consistent with the assumption that the instanton action is equivalent to (minus) the entropy of the state, which in turn is 1/4 of the de Sitter horizon area (circumference) in units of G 3 = (8π M 3 ) −1 . In fact, given the deficit angle generated by the mass m, the de Sitter horizon area is A = 2π 1 − m 2πM3 , so that the action is
This thermodynamical interpretation is also consistent with a de Sitter temperature T dS = 1/(2π ), leading to a Boltzmann factor e −m/T dS for the probability of creation of a particle of mass m in a de Sitter patch.
E. Breaking of a string in de Sitter space
One additional interpretation of our results is that the metric (22) describes the final state after the breaking of a closed string circling the entire de Sitter space. In this case the initial state, given by a string of tension T > 0, can be constructed as follows.
Consider the metric on the sphere
and cut it at some angle ϑ = ϑ 0 to put a positive tension string there. To express the value of ϑ 0 as a function of the tension T one can impose Israel's junction conditions at the surface ϑ = ϑ 0 . We further require this surface to be a surface of symmetry of the metric, so that the metric is symmetric under the replacement ϑ → 2 ϑ 0 − ϑ. This leads to the relation
Using this result, we can compute the action of the system, obtaining
where, as above, y = T 2 √ ΛM3 , and that is indeed equivalent to the action (26) in the limit x → 0. The probability of breaking a string in de Sitter space is thus given by the exponential of the difference:
which, in the limit Λ → 0 and m M 3 , converges to S E − S string E = π m 2 /T , in agreement with the result obtained, in the same regime, in the four-dimensional case [5] .
As a byproduct, we also find that the probability of nucleating a string in a de Sitter background can be obtained as the exponential of the negative of
that for low tension strings T √ Λ M 3 gives the probability ∼ e −4π 2 T .
IV. DISCUSSION AND CONCLUSIONS
We have presented exact solutions to the Einstein equations describing pairs of particles connected by a string or strut, for both locally Minkowski (previously found in [13] ) and de Sitter space. We have also shown explicitly how they are isometric to the standard Minkowski metric and standard 3-sphere metric for Euclidean de Sitter space, with patches of the spaces removed and their boundaries identified at the location of the codimension-one objects. Our solutions are useful for describing accelerated pairs of particles in 2 + 1 dimensions. Additionally, to the best of our knowledge, the isometry (14) between our solution and the 3-sphere is also a new coordinate chart for (2 + 1)dimensional de Sitter space.
We have also computed the Euclidean action for our solutions, which is associated to the entropy of the corresponding state, such that the exponential of such action can be interpreted as the probability of realizing that state [17] . In this sense, our main results are given in eq. (11) for Minkowskian backgrounds and in eq. (26) for a de Sitter background. Our results have allowed us to determine the actions for the creation of a string extending for a super-horizon length in de Sitter space (35) and for the breaking of such a string (34).
It is worth asking what properties analogous solutions in locally Anti de Sitter (AdS) space would have. While in this work we focused on backgrounds of vanishing and positive cosmological constant, solutions in locally AdS space offer an additional rich set of possibilities. Such solutions may also provide new insights in the context of AdS/CFT correspondence, making them well worth future exploration.
As discussed in Section II A, the constant-θ hypersurface Σ 1 is a (portion of a) sphere in our Euclideanized space; it obeys the equation x 2 +y 2 +z 2 = R 2 . The unit normal vector to such a surface is then n µ = −(x, y, z)/ x 2 + y 2 + z 2 (note we take the inward -pointing normal, since this is the direction pointing out of our Euclideanized spacetime). The trace of the extrinsic curvature, which is the divergence of this normal, is then readily found to be −2/R. In our case, R = [A sin(C( + δ))] −1 by (6a), so we find that K Σ1 = −2A sin(C( + δ)). The induced (Euclidean) metric on the surface Σ 1 is ds 2 = C 2 sinh 2 (CV ) dτ 2 + dV 2 /A 2 [cosh(CV ) + cos(C( + δ))] 2 ; the resulting determinant is h Σ1 = C 4 sinh 2 (CV )/A 4 [cosh(CV ) + cos(C( + δ))] 4 . The contribution to the Euclidean action from Σ 1 is then
.
The contribution of Σ 2 to the action is identical, since the entire solution is even in θ.
In our Euclideanized (T → −iT ) spacetime, we know from (6b) that Σ 3 forms a portion of torus that is radially symmetric about the Y-axis. To leverage this, let us define a cylindrical coordinate system (R, γ, Y) via X = R cos γ, T = R sin γ, and introduce the shorthand R 0 ≡ coth(CV 0 )/A and R ≡ csch(CV 0 )/A. Then (6b) reads
The unit normal vector in these coordinates is
The normal is correctly oriented, since increasing R corresponds to increasing |V |, which is oriented towards the particles (and out of our space). Taking the divergence of this normal, we find the trace of the extrinsic curvature to be
The induced (Euclidean) metric on the surface Σ 3 is ds 2 = sinh 2 (CV 0 ) dτ 2 + dθ 2 /A 2 [cosh(CV 0 ) + cos(C(θ + δ))] 2 , which has determinant h Σ3 = sinh 2 (CV 0 )/A 4 [cosh(CV 0 ) + cos(C(θ + δ))] 4 . The contribution to the action from Σ 3 is thus
. (A4)
The contribution of Σ 4 to the action is identical, since the entire solution is even in θ. The total gravitational action is then twice the sum of (A1) and (A4), and the action of the two cusps (see Appendix C).
Locally de Sitter (Λ > 0)
For locally de Sitter space, we have a constant scalar curvature R = 6Λ/M 3 everywhere; we thus have a non-zero Euclidean Einstein-Hilbert action S EH = − M3 2 R + Λ given by
We then need the boundary terms, for which we follow a similar procedure to the Minkowski case. For the surface Σ 1 , the (unit) normal vector is (remaining in the (t, V, θ) coordinates this time) n µ = −A[β cosh(CV ) + cos(C(θ + δ))](0, 0, 1); the associated extrinsic curvature is then K Σ1 = −2A sin(C( + δ)) as in the Minkowski case. The contribution to the action from Σ 1 is then
(A6) Also in this case, Σ 2 gives a contribution to the action identical to that of Σ 1 . As for Σ 3 , we find the unit normal vector to be n µ = A[β cosh(CV ) + cos(C(θ + δ))](0, 1, 0). The associated trace of the extrinsic curvature is K Σ3 = 2Aβ sinh(CV 0 ) − A coth(CV 0 )[β cosh(CV 0 ) + cos(C(θ + δ))], and so the contribution to the action is
(A7)
Once again, Σ 4 gives an equal contribution to the action. The total geometric action is then the sum of eq. (A5) plus twice the sum of eq. (A6) and eq. (A7), plus the action of the two cusps (that is computed in Appendix C below).
Appendix B: Action from Matter
Consider the following matter Lagrangian for a point particle of mass m at V = V 0 and θ = 0 and a strut of tension T at θ = 0
Note that the Lagrangian for our spacetime is recovered in the limit V 0 → ∞.
Locally Minkowski (Λ = 0)
In the case of locally Minkowski space, the action from matter reads
Sending V 0 → ∞, and using (2), we find In the case of locally de Sitter space, the action from matter is very similar: Sending V 0 → ∞, and using (20), we find
(B5)
Appendix C: Action from Cusps
We denote as "cusps" the one-dimensional surfaces at the junction of the surfaces Σ 1 and Σ 3 , and at the junction of the surfaces Σ 2 and Σ 4 . These cusps can be seen in Fig. 2 as the points where the dashed and solid lines for the boundary surfaces meet just off the X -axis. These cusps can be obtained as the zero-radius limit of a two dimensional curved surface, which we describe below.
First, we use the cylindrical symmetry about the Y axis of the system to focus only on what happens on the (X , Y) plane. Second, we approximate the curves Σ 1 , . . . , Σ 4 on the (X , Y) plane and near the cusp as straight lines. Then, we regularize the cusp as a circular section of radius R that is tangent to the two curves whose intersection generates the cusp. We will take the limit R → 0 at the end of our calculation to obtain the cusp. Let us denote by p 1 and p 2 the points where the curves intersect the circle. Let us also take the circle to be tangent to the curves at p 1 and p 2 , so that the normal vector is continuous at these points. We further denote by α the angle between the lines, and we initially take one of the lines to be the along X axis. This geometry is shown in Fig. 4 .
The coordinates of the circle's center, in this coordinate system, are C = (R cotan (α/2) , R). To get to a general configuration we perform a rotation of angle θ and a translation: X → X cos θ + Y sin θ + X 0 and Y → −X sin θ + Y cos θ + Y 0 . In these more general coordinates, the center of the circle has coordinates X C = X 0 + R cos θ cot(α/2) − R sin θ and Y C = Y 0 + R sin θ cot(α/2) + R cos θ. The circle itself is defined by (X − X C ) 2 + (Y − Y C ) 2 = R 2 .
We now introduce a cylindrical coordinate system (X , ϕ, Y) -with metric ds 2 = dX 2 + dY 2 + X 2 dϕ 2 -where the ϕ coordinate has period 2π, and corresponds to C times the Euclidean time τ . On the circle, Y is a function of X given by Y = Y C ± R 2 − (X − X C ) 2 ; the induced metric h µν is therefore
The determinant of the induced metric evaluates to det h = R 2 X 2 /(R 2 − (X − X C ) 2 ). Finally, in this coordinate system, the unit vector n µ = (n X , n φ , n Y ) normal to the circle has components (X − X C , 0, Y − Y C )/ (X − X C ) 2 + (Y − Y C ) 2 . Taking the divergence, we find the extrinsic curvature for this surface to be K = (2X − X C )/RX .
Putting everything together, the action for this hypersurface is
where we have already performed the trivial integral in ϕ. The limits of integration can be determined by finding the coordinates of p 1 and p 2 and applying the rotation and translation; we obtain X 1 = R cot α(1 + cos α) + X 0 and X 2 = R cot(α/2) cos θ + X 0 . Using these limits to evaluate (C2), and taking the limit R → 0, we finally obtain:
We determine the parameters X 0 , α, and θ using the maps of Sections II A and III A. For locally Minkowski space, X 0 = 1/A, and the angles are given by α = π/2, θ = π/2 − δ. The cusp action is then S cusp = −π 2 M 3 /A. For locally de Sitter space, X 0 = 1/βA, and α = π/2, θ = π/2 − δ. The cusp action in this case is then S cusp = −π 2 M 3 /βA.
